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Abstract
A k-cyclic graph is a connected graph of order n and size n + k − 1. In this
paper, we determine the maximal signless Laplacian spectral radius and the
corresponding extremal graph among all C4-free k-cyclic graphs of order n.
Furthermore, we determine the first three unicyclic, and bicyclic, C4-free graphs
whose spectral radius of the signless Laplacian is maximal. Similar results are
obtained for the (combinatorial) Laplacian.
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1 Introduction
Let G = (V (G), E(G)) be a simple graph with vertex set V (G) and edge set E(G). Denote by
v(G) the order of G and e(G) the size of G, that is to say, v(G) = |V (G)|, and e(G) = |E(G)|.
ΓG(u) = {v|uv ∈ E(G)} and dG(u) = |ΓG(u)|, or simply Γ(u) and d(u), respectively. Let
δ = δ(G) and ∆ = ∆(G) denote the minimum degree and maximum degree of the graph
G. Let X and Y be disjoint subsets of V (G). e(X,Y ) is the number of edges (in G) joining
vertices in X to vertices in Y for G. Let Pn, Sn, Cn and Kn be the path, star, cycle and
complete graph of order n, respectively.
The union of G1 and G2 is the graph G1 ∪G2, whose vertex set is V1 ∪V2 and whose edge
set is E1 ∪ E2. kG denotes the union of k copies of G. The join of graphs G1 and G2 is the
graph G1 ∨G2 obtained from G1 ∪G2 by joining each vertex of G1 with every vertex of G2.
Let Gkn = K1 ∨ (kK2 ∪ (n − 2k − 1)K1) (see Fig. 1). We use Un to denote the family of all
unicyclic graphs of order n, and Bn to denote the family of all bicyclic graphs of order n.
The matrix Q(G) = D(G) + A(G) is called the signless Laplacian matrix of G, where
A(G) is the adjacency matrix of G and D(G) is the diagonal matrix of vertex degrees of G.
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The matrix L(G) = D(G)−A(G) is called the Laplacian matrix of G. The largest eigenvalue
of A(G), L(G) and Q(G) are called the spectral radius, Laplacian spectral radius and signless
Laplacian spectral radius (or Q-index) of G, respectively, and denoted by ρ(G), µ(G) and
q(G), respectively.
The central problem of the classical extremal graph theory is the Tura´n’s Problem:
Problem A. Given a graph F , what is the maximum number of edges of a graph of order
n, with no subgraph isomorphic to F?
Such problems are well understood nowadays, for example, see the book [2] and the
survey [11]. Recently, Nikiforov, et al., investigated spectral Tura´n’ s Problem, namely for
the spectral radius ρ(G) of a graph G. In this new class of problems the central question is
the following one.
Problem B. Given a graph F , what is the maximum spectral radius ρ(G) of a graph G of
order n, with no subgraph isomorphic to F?
In [11], when the graph F is the complete graph Kr, the path or the cycle etc., Nikiforov
determines the largest spectral radius of the graph G and their corresponding extremal graphs.
The present paper contributes to an even newer trend in extremal graph theory, namely to
the study of variations of Promble A for the signless Laplacian spectral radius of graphs,
where the central question is the following one.
Problem C. Given a graph F , what is the maximum signless Laplacian spectral radius q(G)
of a graph G of order n, with no subgraph isomorphic to F?
In [5], Nikiforov et al. determine the maximum signless Laplacian spectral radius of graphs
with no 4-cycle and 5-cycle. And when the graph F is the complete graph Kr, the path or
the cycle etc., the authors in [1, 12, 13, 14] determine the largest signless Laplacian spectral
radius of the graph G and their corresponding extremal graphs, respectively. He and Guo
in [8] determine the extremal graph of the signless Laplacian and Laplacian spectral radius
among C3-free k-cyclic graphs of order n.
In this paper, we determine the signless Laplacian spectral radius of C4-free k-cyclic graphs
of order n and characterize its extremal graph. Furthermore, we determine the first three
signless Laplacian spectral radius of C4-free unicyclic graphs of order n, and C4-free bicyclic
graphs of order n with.
2 Main Lemmas
In this section, we state some well-known results which will be used in this paper.
Lemma 2.1. ([9]) Let G be a connected graph of order n and q(G) its signless Laplacian
spectral radius of G. Let u, v be two vertices of G and d(v) be the degree of vertex v. Assume
v1, v2, . . . , vs(1 ≤ s ≤ d(v)) are some vertices of Γ(v) \ Γ(u) and X = (x1, x2, . . . , xn)
T is the
Perron vector of Q(G), where xi corresponds to the vertex vi (1 ≤ i ≤ n). Let G
∗ be the graph
obtained from G by deleting the edges vvi and adding the edges uvi(1 ≤ i ≤ s), If xu ≥ xv,
then q(G) < q(G∗).
Lemma 2.2. ([4, 10]) For every graph G, we have
q(G) ≤ max
u∈V (G)
{d(u) +
1
d(u)
∑
v∈Γ(u)
d(v)}.
If G is connected, equality holds if and only if G is regular or semiregular bipartite.
2
Lemma 2.3. ([7, 3]) Let G be a simple connected graph on n vertices with maximum degree
∆ and at least one edge. Then
µ(G) ≥ ∆(G) + 1, q(G) ≥ ∆(G) + 1,
where the former equality holds if and only if ∆(G) = n − 1, and the latter one holds if and
only if G is the star Sn.
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Figure 1: The k-cyclic graph Gkn
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Figure 2: The first three unicyclic graphs
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Figure 3: The first three bicyclic graphs
Lemma 2.4. Let Gkn, G2 and G3 be the graphs shown in Figs. 1 and 2. Then q(G
k
n), q(G2)
and q(G3) are the largest roots of the following equations, respectively,
fk(x) , x
3 − (n+ 3)x2 + 3nx− 4k = 0,
f2(x) , x
5 − (n+ 5)x4 + (6n+ 3)x3 − (9n− 1)x2 + (3n + 8)x− 4 = 0,
f3(x) , x
5 − (n+ 5)x4 + (6n+ 4)x3 − (10n − 2)x2 + (3n+ 12)x − 4 = 0.
Proof. Let V (Gkn) = {v1, v2, . . . , vn} and X = (x1, x2, . . . , xn)
T be a Perron vector
corrosponding to q(Gkn). By the symmetry of G
k
n, we have
3
x2 = x3 = · · · = x2k = x2k+1, x2k+2 = · · · = xn.
Let q = q(Gkn), from the eigenequations for Q(G
k
n) we see that


(q − n+ 1)x1 = 2kx2 + (n− 2k − 1)xn,
(q − 3)x2 = x1,
(q − 1)xn = x1.
Since X = (x1, x2, . . . , xn)
T is an eigenvector corresponding to q(Gkn), so X 6= 0. Then
∣∣∣∣∣∣
q − n+ 1 −2k −n+ 2k + 1
−1 q − 3 0
−1 0 q − 1
∣∣∣∣∣∣
= 0.
So q is the largest root of the following equation
∣∣∣∣∣∣
x− n+ 1 −2k −n+ 2k + 1
−1 x− 3 0
−1 0 x− 1
∣∣∣∣∣∣
= 0.
Consequently, q is the largest root of the following equation
fk(x) , x
3 − (n+ 3)x2 + 3nx− 4k = 0.
Using the same method, we obtain q(G2) and q(G3) are the largest roots of the following
equations, respectively,
f2(x) , x
5 − (n+ 5)x4 + (6n+ 3)x3 − (9n− 1)x2 + (3n + 8)x− 4 = 0.
f3(x) , x
5 − (n+ 5)x4 + (6n+ 4)x3 − (10n − 2)x2 + (3n+ 12)x − 4 = 0.
This completes the proof. 
3 Main results
Let G be a C4-free k-cyclic graph of order n. If k = 0 then G is a tree. In [6, 15], the authors
determined the first eight Laplacian spectral radius of trees of order n. For a bipartite graph
G, by [3], we know that L(G) and Q(G) have the same eigenvalues. A tree is a bipartite
graph, so the results that are obtained by [6, 15] hold also for the signless Laplacian spectral
radius of trees of order n. Therefore, in what follows, assume that k ≥ 1.
Theorem 3.1. Let k ≥ 1, n ≥ 2k + 2 and let G be a C4-free k-cyclic graph of order n. Then
q(G) ≤ q(Gkn),
with equality if and only if G = Gkn, where q(G
k
n) is the largest root of the equation
x3 − (n+ 3)x2 + 3nx− 4k = 0.
Proof. By Lemma 2.3, we have
q(Gkn) > ∆(G
k
n) + 1 = n− 1 + 1 = n.
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Since n ≥ 2k + 2 and G is a C4-free k-cyclic graph of order n, we have ∆(G) ≤ n − 1. If
∆(G) = n − 1, it is easy to see that G must be Gkn. If G 6= G
k
n, then ∆(G) ≤ n − 2. By
Lemma 2.2, let w be a vertex of G such that
d(w) +
1
d(w)
∑
i∈Γ(w)
d(i) = max
u∈V (G)
{d(u) +
1
d(u)
∑
v∈Γ(u)
d(v)}.
Then
q(G) ≤ d(w) +
1
d(w)
∑
i∈Γ(w)
d(i),
and 1 ≤ d(w) ≤ ∆(G) ≤ n− 2.
If d(w) = 1 we obtain
q(G) ≤ d(w) +
1
d(w)
∑
i∈Γ(w)
d(i) ≤ 1 +
∆
1
≤ n− 1 < q(Gkn).
If 2 ≤ d(w) ≤ n−2, since G is C4-free, every vertex v ∈ V (G)\Γ(w) has at most one neighbor
in Γ(w). Then we have
e(Γ(w), V (G) \ Γ(w)) ≤ d(w) + |V (G) \ (Γ(w) ∪ {w})| = d(w) + n− d(w) − 1 = n− 1.
Thus ∑
i∈Γ(w)
d(i) ≤ d(w) + e(Γ(w), V (G) \ Γ(w)) ≤ d(w) + n− 1.
Moreover,
q(G) ≤ d(w) +
1
d(w)
∑
i∈Γ(w)
d(i) ≤ 1 + d(w) +
n− 1
d(w)
.
Since the function
f(x) = x+
n− 1
x
is convex for x > 0, its maximum in any closed interval is attained at one of the ends of this
interval. If 2 ≤ d(w) ≤ n− 2, then
q(G) ≤ d(w) +
1
d(w)
∑
i∈Γ(w)
d(i) ≤ 1 + max{2 +
n− 1
2
, n− 2 +
n− 1
n− 2
} ≤ n ≤ q(Gkn).
From the above all, we obtain q(G) ≤ q(Gkn), with equality if and only if G = G
k
n. Then from
Lemma 2.4, we know that q(Gkn) is the largest root of the polynomial
x3 − (n+ 3)x2 + 3nx− 4k = 0.
This completes the proof. 
Theorem 3.2. Let Un be the set unicyclic graphs of order n, and n ≥ 6, Gi ∈ Un for
i = 1, 2, 3. Then for any G ∈ Un and G 6= Gi(i = 1, 2, 3), we have
q(G) < q(G3) < q(G2) < q(G1),
where G1, G2 and G3 are the graphs shown in Fig. 2.
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Proof. For any G ∈ Un, from Theorem 3.1, if G 6= G1, then q(G) < q(G1). Especially,
q(Gj) < q(G1) for j = 2, 3. Obviously, G2 and G3 are all the unicyclic graphs with ∆ = n− 2
in Un. Then for any G ∈ Un, if G 6= Gi(i = 1, 2, 3), then ∆(G) ≤ n − 3. By Lemma 2.3,
q(Gj) > ∆(Gj) + 1 = n− 2 + 1 = n− 1 for j = 2, 3. From Lemma 2.2,
q(G) ≤ max
u∈V (G)
{d(u) +
1
d(u)
∑
v∈Γ(u)
d(v)}.
Similar to the proof of Theorem 3.1, we can get q(G) ≤ n− 1 < q(Gi).
From Lemma 2.4, when x ≥ q(G3) > n− 1 and n ≥ 6, we have
F (x) = f3(x)− f2(x) = x
3 − (n− 1)x2 + 4x
= (x− n+ 1)3 + 2(n − 1)(x− n+ 1)2
+ (n2 − 2n+ 5)(x− n+ 1) + 4(n − 1) > 0
So, f2(q(G3)) < 0, then q(G2) > q(G3).
From the above all, for any G ∈ Un and G 6= Gi, (i = 1, 2, 3), we have
q(G) < q(G3) < q(G2) < q(G1).
This completes the proof. 
Theorem 3.3. Let Bn be the set bicyclic graphs of order n, and n ≥ 8, Gi ∈ Bn for i = 4, 5, 6.
Then for any G ∈ Bn and G 6= Gi(i = 4, 5, 6), we have
q(G) < q(G6) < q(G5) < q(G4),
where G4, G5 and G6 are shown in Fig. 3.
Proof. For any G ∈ Bn, from Theorem 3.1, if G 6= G4, then q(G) < q(G4). Especially,
q(Gj) < q(G4)for j = 5, 6. Obviously, G5 and G6 are all the bicyclic graphs with ∆ = n − 2
in Bn, then for any G ∈ Bn, if G 6= Gi (i = 4, 5, 6), then ∆(G) ≤ n − 3. By Lemma 2.3,
q(Gj) > ∆(Gj) + 1 = n− 2 + 1 = n− 1 for j = 5, 6.
From Lemma 2.2,
q(G) ≤ max
u∈V (G)
{d(u) +
1
d(u)
∑
v∈Γ(u)
d(v)}.
Similar to the proof of Theorem 3.1, we can get q(G) ≤ n− 1 < q(Gi).
Note that
G5 = G6 − v4v5 + v5v6 = G6 − v6v7 + v4v7.
Applying Lemma 2.1 for the vertices v4 and v6 of the graph G6, we have
q(G6) < q(G5).
From the above all, for any G ∈ Bn and G 6= Gi, (i = 4, 5, 6), we have
q(G) < q(G6) < q(G5) < q(G4).
This completes the proof. 
Remark 3.4. Lemma 2.3 is also true for the Laplacian special radius of graphs. From the
proof of Theorem 3.1, we know that Theorem 3.1 also holds for Laplacian spectral radius of
graphs. From [3], we know µ(G) ≤ q(G), the equality holds if and only if G is a bipartite
graph. And from the proofs of Theorems 3.2 and 3.3, we know that Theorems 3.2 and 3.3
also hold for Laplacian special radius of graphs.
6
References
[1] N.M.M. de Abreu and V. Nikiforov, Maxima of the Q-index: graphs with bounded clique
number, Electron. J. Linear Algebra, 26 (2013) 121–130.
[2] B. Bolloba´s, Extremal Graph Theory, Academic Press, London, 1978.
[3] D. Cvetkovic, Spectral theory of graphs based on the signless Laplacian, Research Report,
2010, available at: http: //www. mi. sanu. ac. rs/projects/signless-L-reportApr11. pdf.
[4] L.H. Feng and G.H. Yu, On three conjectures involving the signless laplacian spectral
radius of graphs, Publ. Inst. Math. (Beograd) (N.S.), 85 (2009) 35–38.
[5] M.A.A. de Freitas, V. Nikiforov and L. Patuzzi, Maxima of the Q-index: forbidden
4-cycle and 5-cycle, Electron. J. Linear Algebra, 26 (2013) 905–916.
[6] J.M. Guo, On the Laplacian spectral radius of a tree, Linear Algebra Appl. 368 (2003)
379-385.
[7] R. Grone and R. Merris, The Laplacian spectrum of graph II, SIAM J Discrete Math, 7
(1994) 221–229.
[8] C.Y. He and S.G. Guo, On the signless Laplacian and Laplacian spectral radius of
triangle-free k-cyclic graphs, Appl. Math. J. Chinese Univ, (Ser B) 29(3) (2014) 295–
302.
[9] Y. Hong and X.D. Zhang, Sharp upper and lower bounds for largest eigenvalue of the
Laplacian matrix of trees, Discrete Math. 296 (2005) 187–197.
[10] R. Merris, A note on Laplacian graph eigenvalues, Linear Algebra Appl. 295 (1998)
33–35.
[11] V. Nikiforov, Some new results in extremal graph theory, Surveys in Combinatorics,
Cambridge University Press, (2011) 141–181.
[12] V. Nikiforov and X.Y. Yuan, Maxima of the Q-index: graphs without long paths, Elec-
tron. J. Linear Algebra, 27 (2014) 504–514.
[13] V. Nikiforov and X.Y. Yuan, Maxima of the Q-index: forbidden even cycles, Linear
Algebra Appl. 471 (2015) 636–653.
[14] X.Y. Yuan, Maxima of the Q-index: forbidden odd cycles, Linear Algebra Appl. 458
(2014) 207–216.
[15] A.M. Yu, M. Lu and F. Tian, Ordering trees by their Laplacian spectral radii, Linear
Algebra Appl. 405 (2005) 45–49.
7
